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Comment on ‘‘Eigenfunction expansion of the dyadic Green’s function in a gyroelectric chiral
medium by cylindrical vector wave functions’’

Le-Wei Li,* Mook-Seng Leong, Pang-Shyan Kooi, and Tat-Soon Yeo
Communications and Microwave Division, Department of Electrical Engineering, National University of Singapore,

10 Kent Ridge Crescent, Singapore 119260
~Received 25 July 1997; revised manuscript received 30 April 1998!

Several conceptual errors found in the paper by Cheng@Phys. Rev. E55, 1950~1997!# are corrected, and we
provide general expansion formulas for the dyadic Green’s function using cylindrical vector wave functions,
which could be reduced to the exact formulas in special cases~i.e., anisotropic medium, isotropic chiral
medium, and isotropic medium!. @S1063-651X~99!08403-2#

PACS number~s!: 41.20.Jb, 42.25.Bs, 52.35.Hr
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Recently, Cheng@1# developed a dyadic Green’s functio
for an unbounded gyroelectric chiral medium by means of
eigenfunction expansion in terms of cylindrical vector wa
functions. We report several conceptual mistakes and o
errors in Ref.@1# as listed below:

~i! Equation~26! in Ref. @1# is not correct for the case
considered in that paper. Mathematically, it is incorrect
cause the residue value is not correctly estimated; and ph
cally, it is also incorrect because only two poles of the fo
possible pole points can be taken into the evaluation of
residues@2#. Also, the summation sign corresponding to i
dex j in Cheng’s Eqs.~20!, ~22!, ~25! and ~26! is quite con-
fusing. In fact,k1 ,k3 , andk5 stand for the wave number o
three types of left-handed circular polarized waves, wh
2k2 ,2k4 , and2k6 denote the wave numbers of the thr
types of right-handed circularly polarized waves. As ob
ously seen from the coefficient expressions in the Appen
of Ref. @1#, the coefficientsk2 ,k4 , andk6 are all negative.
Therefore, the summation is never taken.

The solution of an integral similar to Eq.~26! in @1#
was evaluated by Engheta and Kowarz@2#, Yin and Wang
@3#, and Li et al. @4,5#. Without the summation, a factor
from 2p i should first be given, and the residues
1/@(Akr

21kz
22k1,3,5)(Akr

21kz
22k2,4,6)# at kr5Ak1,3,5

2 2kz
2

andkz5Ak1,3,5
2 2kr

2 should also be correctly estimated. Th
formulation is detailed below.

Sincekl ~or kl j ) represents the wave number or propag
tion constant,kl ~or kl j ) satisfying the following equation
must be greater than zero:

kl5Akr
21kz

2,
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kl>0, 0<kr,1` and 2`,kz,1`.

This also ensures the radiation condition in the far zone
that waves propagate away from~not toward! the source~see
Ref. @2#!. From the denominator of the integral in Eq.~26! of
Ref. @1#, given as follows, we can determine the pole poin

~kl2k1,3,5!~kl2k2,4,6!50,

where the subscripts~1,3,5! and ~2,4,6! stand for three pairs
of equations for point pairs~1,2!, ~3,4!, and ~5,6! respec-
tively. Obviously, we need to consider only two pole poin
~although there exist four possible poles mathematical!,
i.e.,

kz
u5Ak1,3,5

2 2kr
2, ~1a!

kz
l 52Ak1,3,5

2 2kr
2, ~1b!

where the superscriptu denotes that the pole point is locate
in the upper half sheet of the complex plane, while the
perscript l represents that the pole point is located in t
lower half sheet. Physically,kl2k2,4,6 does not give any
pole point as discussed earlier.

As kr changes from 0 tò , we can see physically thatkz
u

andkz
l are almost simultaneously either real numbers or p

imaginary numbers. When we consider the casez>z8 ~or z
<z8), we need to take the upper pointkz

u ~or the lower point
kz

l ) into account in the residue evaluation. Therefore,
have
E
2`

`

dkz

V2n
~1!8~2kz ,kr!Vn

~1!~kz ,kr!

kr~kl2k1,3,5!~kl2k2,4,6!
5

2p ik1,3,5

@kr~k1,3,52k2,4,6!#Ak1,3,5
2 2kr

2

3H V2n
~1!8~2Ak1,3,5

2 2kr
2,kr!Vn

~1!~Ak1,3,5
2 2kr

2,kr! for z>z8

V2n
~1!8~Ak1,3,5

2 2kr
2,kr!Vn

~1!~2Ak1,3,5
2 2kr

2,kr! for z<z8. ~2!
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In the above integral evaluation, whenz>z8, we carried out the counterclockwise integration in the upper sheet of
complexkz plane so that the value of the integral is the residue itself. However, whenz<z8, we conducted the clockwise
integration in the lower sheet of the complexkz plane so that the value of the integral is the negative number of the res

~ii ! With the mistake in Eq.~26! in Ref. @1#, related results have been affected. It is found that the error propagat
Cheng’s Eqs.~25a!, ~25b!, and~25d!. With this formulation, the correct form of Cheng’s Eqs.~25a!, ~25b!, and~25d! are

Prr
nz5

p i

kr
r̂•F k1

~k12k2!Ak1
22kr

2H V2n
~1!8~2Ak1

22kr
2,kr!Vn

~1!~Ak1
22kr

2,kr!

V2n
~1!8~Ak1

22kr
2,kr!Vn

~1!~2Ak1
22kr

2,kr!J
1

k3

~k32k4!Ak3
22kr

2H V2n
~1!8~2Ak3

22kr
2,kr!Vn

~1!~Ak3
22kr

2,kr!

V2n
~1!8~Ak3

22kr
2,kr!Vn

~1!~2Ak3
22kr

2,kr!J G •r̂H for z>z8

for z<z8. ~3a!

Pfr
nz 52

p

kr
f̂•F k1

~k12k2!Ak1
22kr

2H V2n
~1!8~2Ak1

22kr
2,kr!Vn

~1!~Ak1
22kr

2,kr!

V2n
~1!8~Ak1

22kr
2,kr!Vn

~1!~2Ak1
22kr

2,kr!J
2

k3

~k32k4!Ak3
22kr

2H V2n
~1!8~2Ak3

22kr
2,kr!Vn

~1!~Ak3
22kr

2,kr!

V2n
~1!8~Ak3

22kr
2,kr!Vn

~1!~2Ak3
22kr

2,kr!J G •r̂H for z>z8

for z<z8.
~3b!

Pzz
nz5

2p ik5

kr~k52k6!Ak5
22kr

2
ẑ•H V2n

~1!8~2Ak5
22kr

2,kr!Vn
~1!~Ak5

22kr
2,kr!

V2n
~1!8~Ak5

22kr
2,kr!Vn

~1!~2Ak5
22kr

2,kr!J • ẑH for z>z8

for z<z8.
~3c!

~iii ! In a similar fashion, the integration carried out in Eq.~20! in Ref. @1# is also found incorrect. The correct form of E
~20! in Ref. @1# should read

E
0

`

dkr

V2n
~1!8~2kz ,kr!Vn

~1!~kz ,kr!

kr~kl2k1,3,5!~kl2k2,4,6!

52
1

unu~kz2k1,3,5!~kz2k2,4,6!
TvTv8F S r,

r.
D unuGei [n~f.2f,!1kz~z.2z,!]

1
2p ik1,3,5

~k1,3,52k2,4,6!~k1,3,5
2 2kz

2!
H V2n

~1!8~2kz ,Ak1,3,5
2 2kz

2!Vn
~3!~kz ,Ak1,3,5

2 2kz
2! for r>r8

V2n
~3!8~2kz ,Ak1,3,5

2 2kz
2!Vn

~1!~kz ,Ak1,3,5
2 2kz

2! for r<r8,
~4!

where the following relation has been utilized:

lim
kr→0

@Jn~krr,!Yn~krr.!#52
1

unupS r,

r.
D unu

.

Therefore, the vector operatorsT
w
v andT

w8
v8 that are not defined in Ref.@1# should be specified as

T
w
v ~d !5

1

A2
F“3~d ẑ!6

1

kz
“3“3~d ẑ!G , ~5a!

T
w8
v8 ~d !5

1

A2
F“83~d ẑ!6

1

kz
“83“83~d ẑ!G , ~5b!

where the prime denotes the“8 operation with respect to the coordinates (r8,f8,z8). The operators in the final expression
are necessarily provided here so that readers can make use of them straightforwardly. Without explicit expression
operators, readers have to reconsider the problem and derive these themselves.

~iv! Due to the change of Eq.~20!, Eqs.~22a!, ~22b!, and~22d! in Ref. @1# should read as follows:
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F Prr
nr

Pff
nr G5F r̂

f̂G •S 2F 1

~kz2k1!~kz2k2!
1

1

~kz2k3!~kz2k4!GTvTv8
2unu F S r,

r.
D unu

ei [n~f.2f,!1kz~z.2z,!] G1p i

35 FV2n
~1!8~2kz ,Ak1

22kz
2!Vn

~3!~kz ,Ak1
22kz

2!

~12k2 /k1!~k1
22kz

2!
1

V2n
~1!8~2kz ,Ak3

22kz
2!Vn

~3!~kz ,Ak3
22kz

2!

~12k4 /k3!~k3
22kz

2!
G

FV2n
~3!8~2kz ,Ak1

22kz
2!Vn

~1!~kz ,Ak1
22kz

2!

~12k2 /k1!~k1
22kz

2!
1

V2n
~3!8~2kz ,Ak3

22kz
2!Vn

~1!~kz ,Ak3
22kz

2!

~12k4 /k3!~k3
22kz

2!
G 6 D •F r̂

f̂G H for r>r8

for r<r8,

~6a!

F Pfr
nr

2Prf
nr G5F f̂

r̂G •S 2F 1

~kz2k1!~kz2k2!
2

1

~kz2k3!~kz2k4!G iTvTv8
2unu F S r,

r.
D unu

ei [n~f.2f,!1kz~z.2z,!] G2p

35 FV2n
~1!8~2kz ,Ak1

22kz
2!Vn

~3!~kz ,Ak1
22kz

2!

~12k2 /k1!~k1
22kz

2!
2

V2n
~1!8~2kz ,Ak3

22kz
2!Vn

~3!~kz ,Ak3
22kz

2!

~12k4 /k3!~k3
22kz

2!
G

FV2n
~3!8~2kz ,Ak1

22kz
2!Vn

~1!~kz ,Ak1
22kz

2!

~12k2 /k1!~k1
22kz

2!
2

V2n
~3!8~2kz ,Ak3

22kz
2!Vn

~1!~kz ,Ak3
22kz

2!

~12k4 /k3!~k3
22kz

2!
G 6 D

•F r̂

f̂G H for r>r8

for r<r8, ~6b!

Pzz
nr5 ẑ•S 2

TvTv8
unu~kz2k5!~kz2k6!F S r,

r.
D unu

ei [n~f.2f,!1kz~z.2z,!] G1
2p ik5

~k52k6!~k5
22kz

2!

3H @V2n
~1!8~2kz ,Ak5

22kz
2!Vn

~3!~kz ,Ak5
22kz

2!#

@V2n
~3!8~2kz ,Ak5

22kz
2!Vn

~1!~kz ,Ak5
22kz

2!#J D • ẑH for r>r8

for r<r8.
~6c!
o
n

e
is

ec

e

Previously, it was claimed below Eq.~26! in Ref. @1# that
‘‘the components arising in Eqs.~24a! and ~24b! can be re-
duced to the counterparts of chiral media.’’ In fact, this is n
true simply because the correct form of the dyadic Gree
functions in Secs. IV A and IV B of Ref.@1# consists of ad-
ditional factorskj /Akj

22kr
2 andkj /Akj

22kz
2 which the forms

given by Cheng@1# do not contain.
Now the above equations for the gyroelectric chiral m

dium can be systematically reduced to those for the an
tropic medium (jc50), the isotropic chiral medium (g
50), or the isotropic medium~bothjc50 andg50). It has
been confirmed that exactly the same results for those sp
cases can be obtained from the reduction.

~v! In the previous considerations, it has been assum
that Eq.~21!, together with Eqs.~22a!–~22d! and Eq.~24a!,
t
’s

-
o-

ial

d

together with Eqs.~25a!–~25d! in Ref. @1# are correct. How-
ever, they are incorrect. According to Cheng’s Eq.~19!, we
have

P̄nr5E
0

`dkr

kr
Ā21

•V2n
~1!8~2kz ,kr!Vn

~1!~kz ,kr!

5F P rr
nr P rf

nr P rz
nr

P fr
nr P ff

nr P fz
nr

P zr
nr P zf

nr P zz
nrG . ~7!

The inverse matrixĀ21 is given by
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Ā215F Arr 2Arf 0

Arf Aff 0

0 0 Azz
G ~8!

where the nonzero elementsArr ,Afr ,Aff , and Azz are
given in the Appendix of Ref.@1#. At the same time, the

dyadicV2n
(1)8(2kz ,kr)Vn

(1)(kz ,kr) is given by
a

V2n
~1!8~2kz ,kr!Vn

~1!~kz ,kr!5F Vr8Vr Vr8Vf Vr8Vz

Vf8 Vr Vf8 Vf Vf8 Vz

Vz8Vr Vz8Vf Vz8Vz
G .

~9!

Therefore, we have ther̂r̂ component ofP̄ as follows:
P̄urr5E
0

`dkr

kr
~ArrVr8Vr2ArfVf8 Vr!

5E
0

`dkr

kr
@Arrr̂•V2n

~1!8~2kz ,kr!Vn
~1!~kz ,kr!•r̂2Arfr̂•V2n

~1!8~2kz ,kr!Vn
~1!~kz ,kr!•f̂#. ~10!

It is clearly seen from the above form that the correctr̂r̂ componentPrr has one more term as compared with ther̂r̂

componentPrr given in Ref.@1#. The similar conclusion applies to other elements of the dyadicP̄, e.g., instead of the zero
component given in Eq.~22c! of Ref. @1#, the correctf̂ ẑ componentPfz should be

P̄ufz5E
0

`dkr

kr
~ArfVr8Vz1AffVf8 Vz!

5E
0

`dkr

kr
@Arfr̂•V2n

~1!8~2kz ,kr!Vn
~1!~kz ,kr!• ẑ1Afff̂•V2n

~1!8~2kz ,kr!Vn
~1!~kz ,kr!• ẑ#. ~11!

The final and correct form of the dyadicsP̄ in Eq. ~21! andQ̄ in Eq. ~23! of Ref. @1# are obtained and given as follows:

P̄5P̄111P̄311P̄51 , ~12a!

Q̄5Q̄121Q̄321Q̄52 , ~12b!

whereP̄j 1 for a givenkl j 1 is given by

P̄j 15
1

4p2E2`

`

dh (
n52`

` F P̄a, j 1
nr

•

1

unu
TvTv8S r,

r.
D unu

ei [n~f.2f,!1h~z.2z,!]

1P̄b, j 1
nr

•H Vn
~1!~kz ,kl j 1!V2n8 ~2kz ,kl j 1!,

V2n~2kz ,kl j 1!V8n
~1!~kz ,kl j 1!,

r.r8

r,r8
G , ~13a!

while Q̄j 2 for a givenkl j 2 is represented as

Q̄j 25
1

4p2E2`

`

dkz (
n52`

` F Q̄a, j 2
nr

•

1

unu
TwTw8S r,

r.
D unu

ei [n~f.2f,!1kz~z.2z,!]

1Q̄b, j 2
nr

•H Wn
~1!~kz ,kl j 2!W2n8 ~2kz ,kl j 2!,

W2n~2kz ,kl j 2!W8n
~1!~kz ,kl j 2!,

r.r8

r,r8
G . ~13b!
In Eqs.~13a! and~13b!, the intermediate dyads are defined

P̄a,11
nr

Q̄a,12
nr J 52

p i

2~h2k1,6!~h2k2,6!
~f̂f̂1r̂r̂!

1
p

2~h2k1,6!~h2k2,6!
~f̂r̂2r̂f̂!, ~14a!
s P̄a,31
nr

Q̄a,32
nr J 52

p i

2~h2k3,6!~h2k4,6!
~f̂f̂1r̂r̂!

2
p

2~h2k3,6!~h2k4,6!
~f̂r̂2r̂f̂!,

~14b!
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P̄a,51
nr

Q̄a,52
nr J 52p i

1

~h2k5,6!~h2k6,6!
ẑẑ, ~14c!

P̄b,11
nz

Q̄b,12
nz J 5

p i

2

k16

l16
2 ~k162k26!

~f̂f̂1r̂r̂!

2
p

2

k16

l16
2 ~k162k26!

~f̂r̂2r̂f̂!, ~14d!

P̄b,31
nz

Q̄b,32
nz J 5

p i

2

k36

l36
2 ~k362k46!

~f̂f̂1r̂r̂!

1
p

2

k36

l36
2 ~k362k46!

~f̂r̂2r̂f̂!, ~14e!

P̄b,51
nz

Q̄b,52
nz J 5p i

k56

l56
2 ~k562k66!

~ ẑẑ!. ~14f!

In the above-given and subsequent expressions, it is assu
that

F kl j 1

kj 1 G5F kl j

kj G , ~15a!

F kl j 2

kj 2 G5F kl j

kj G
jc→2j

, ~15b!

where the wave numberskj ( j 51 –6) are given by Eqs
~A6!–~A11! in Ref. @1#.

It is now seen that Eqs.~22a!–~22c! of Ref. @1# are only
part of the complete expression given as above. The for
s

es
ed

u-

lations of Eqs.~24a! and ~24b!, together with Eqs.~25a!–
~25c!, in Ref.@1#, can be made in a similar fashion. Howeve
they are not provided here because Eqs.~19! and~23! of Ref.
@1# are actually incorrect. The mistakes in Eqs.~19! and~23!
of Ref. @1# are due to the use of the following incorre
formula:

¹3@aM#5a¹3M,

since

(
i

(
j

ai@¹M j3 x̂i # x̂jÞ(
i

(
j

ai x̂i@¹M j3 x̂j #,

wherea stands for a constant vector andM denotes the vec-
tor wave function.

~iv! Formula~4! in Ref. @1# is incorrect, since the last term
in that form of the left-handed side is not obtainable after E
~3! is substituted into Eq.~2!. Obviously, this can be see
from the relation given by

ē•@J~r8!•Ḡ~r,r8!#ÞJ~r8!•@ ē•Ḡ~r,r8!#,

whereē, J(r8), andḠ(r,r8) identify the permittivity tensor,
the vector electric current distribution, and electric dyad
Green’s function, respectively. Only when the left- and rig
handed sides of this form are the same, will the results
tained subsequently in Ref.@1# be valid. However, the autho
of Ref. @1# ignored the condition, so that part of his resul
even though correctly formed somewhere, are very limited
their usefulness since the aforementioned condition is ra
satisfied in practical problems@6–9#.
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